Abstract. The representative domain gives a nice realization for a homogeneous bounded domain, which is a generalization of the Harish-Chandra realization for a symmetric bounded domain. We show that the representative domain coincides with the image of the Cayley transform introduced by Penney and Nomura. As an application, we see that a homogeneous bounded domain is symmetric if and only if its representative domain is convex.
Introduction
It is known that every homogeneous bounded domain is holomorphically equivalent to a homogeneous Siegel domain, which is a multi-dimensional generalization of the upper halfplane [20] . Moreover the Siegel domain realization is unique up to a linear transform [7] . Thus we may regard it as a canonical unbounded realization for a homogeneous bounded domain. On the other hand, a symmetric bounded domain has a canonical bounded realization called the Harish-Chandra realization, which is an open unit ball with respect to a certain norm on the ambient complex vector space. In addition, Korányi and Wolf [8] described the Cayley transform that maps the Harish-Chandra realization to the Siegel domain.
Then, it is natural to ask whether non-symmetric homogeneous bounded domains have nice bounded realizations. In 1996, Penney [17] modified a little the definition of the Harish-Chandra realization to obtain special bounded realizations for homogeneous bounded domains. Indeed, he introduced a specific biholomorphism, named the Cayley transform, which maps the associated Siegel domain to his bounded realization. When the domain is symmetric, his realization coincides with the Harish-Chandra realization and his Cayley transform is nothing but (the inverse of) the Cayley transform defined by Korányi and Wolf. Later, Nomura [12, 15 ] rediscovered Penney's Cayley transform through a computation in a study of harmonic analysis on homogeneous Siegel domains. Using the Cayley transform, Nomura [13, 14, 16] proved some symmetry characterizations of homogeneous Siegel domains by geometric or analytic conditions. The second author of the present paper [4] [5] [6] discovered also the following relation between symmetry and convexity (partly a joint work with Nomura): a homogeneous Siegel domain is symmetric if and only if its Cayley transform image is convex. These facts imply that the Cayley transforms are actually significant.
However, it seems unclear how we characterize the Cayley transform image among bounded realizations for a homogeneous bounded domain.
On the other hand, in 1929, Bergman [1] The present paper is organized as follows. In Sections 2 and 3, we summarize fundamental facts concerning the Bergman mappings and the representative domains used in this paper. These results are not new. Though most of them can be verified easily, we include the proofs for the reader's convenience except for a few propositions. In Section 2, after a review of basic definitions, we present the unitarization property of the Bergman mappings. In Section 2.1, we go further under a strong condition that the Bergman mapping is a global biholomorphism on the given domain. In Section 2.2, it is verified that the Bergman mapping of a bounded circular domain defined at the origin becomes a positive definite Hermitian linear transform. Then an alternative proof of the uniqueness theorem of Cartan is also presented. Section 3 is concerned with homogeneous bounded domains. Here it is proved that the representative domain of a symmetric bounded domain coincides essentially with the Harish-Chandra realization by using the results of Section 2.2. In Section 3.1, we see that the representative domain of a homogeneous bounded domain is a minimal domain in the sense of Bergman. Section 4 contains our main result. Generalizing the definition by Penney and Nomura naturally, we introduce the Cayley transform for a general (not necessarily homogeneous) Siegel domain, and show that our Cayley transform coincides with 1/2 multiple of the Bergman mapping. In particular, since Penney's Cayley transform for a homogeneous Siegel domain turns out to be the Bergman mapping, we can interpret the results in [4-6, 12-14, 17] in the context of the study of the representative domain of a homogeneous bounded domain. One such application is the second author's characterization theorem reformulated in Section 5.
Bergman mappings and representative domains
Let D ⊂ C N be a domain biholomorphic to a bounded domain, and H 2 (D) the Bergman space on D, that is, the Hilbert space consisting of square integrable holomorphic functions on D. Taking an orthonormal basis
which is independent of the choice of {φ α } α∈N . Note that, since D is biholomorphic to a bounded domain, we have
For every z ∈ D, the Hermitian matrix T D (z, z) is positive definite [2] , which represents the so-called Bergman metric at z. In what follows, we write
Let us fix a point p ∈ D. Setting
where T D (p) 1/2 stands for the square root of the positive definite Hermitian matrix
and
In particular, we have
Hence we can take a neighborhood
• ϕ is well defined. The following unitarization of ϕ is a distinctive feature of the Bergman mapping.
In other words, the following diagram is commutative.
whence it follows that
By the change of variable ξ := ϕ(ζ ), the right-hand side is rewritten as
This together with (2.4) and (2.8) gives
Namely, the representative domain up to a unitary transform gives an invariant of the pair (D, p) with respect to biholomorphisms.
The case that σ D p is a global biholomorphism
In this subsection, we assume that 
is regular by (2.5). Therefore we have 
. This together with Proposition 2.3(2) completes the proof.
The representative domain of a circular bounded domain
Let D ⊂ C N be a circular bounded domain with 0 ∈ D. 
Considering the Taylor expansion of
(2) By a similar argument using (2.2), the assertion (2) follows. 2
Thanks to Lemma 2.5, we now have the holomorphic mapping σ D 0 defined on the whole of D. 
This together with (1) gives
The representative domain of a homogeneous bounded domain
Throughout this section, we suppose that D ⊂ C N is a domain biholomorphic to a homogeneous bounded domain. Then D is biholomorphic to a homogeneous Siegel domain, whose Bergman kernel was described explicitly and turned out to be zero-free in [3] (see also The following theorem, which was first proved by Xu [21] quite computationally, is easily deduced from Theorem 4.1 and [17] (or [12] ), whereas we state it here for the convenience of the argument.
THEOREM 3.3. For any fixed p ∈ D, the Bergman mapping σ D p gives a biholomorphism from D onto the representative domain R(D, p). Moreover, R(D, p) is bounded.
The following proposition gives a characterization of the representative domain R(D, p) among bounded realizations for the homogeneous bounded domain D (cf. [10] ).
PROPOSITION 3.4. Let D be a bounded domain biholomorphic to D. Assume that there exists a point t ∈ D for which T D (z, t) is a constant matrix for z ∈ D. Then D is an affine transform of the representative domain R(D, p).

Proof. Since R(D, p) and D are biholomorphic to D, which is homogeneous, there exists a biholomorphism ψ : R(D, p) D with ψ(0) = t. It follows from (2.2) that
T R(D,p) (z, 0) = t J (ψ, 0) T D (ψ(z), t)J (ψ, z) (z ∈ R(D, p)).
This together with Proposition 2.3(1) and the assumption on D tells us that J (ψ, z) is a constant matrix for z ∈ R(D, p). Thus, ψ is extended to a non-degenerate affine transform on C N . 2
In the special case that D is a symmetric bounded domain, it is known that D has a canonical bounded realization called the Harish-Chandra realization. Namely, D is realized as an open unit ball with respect to a certain norm, so that it is convex and circular with the origin inside [19, Ch. II, Section 4] . Since the Harish-Chandra realization is circular, from Lemma 2.5(2) and Proposition 3.4 we obtain the following result. 
PROPOSITION 3.5. If D is a symmetric bounded domain, then R(D, p) is a linear transform of the Harish-Chandra realization for D.
Minimality of the volume of the representative domain
In general, the representative domain is not necessarily minimal (see [11] ). Nevertheless, it is the case for a homogeneous bounded domain. First we show the following lemma.
LEMMA 3.7. If D ⊂ C N is a domain biholomorphic to a homogeneous bounded domain, the ratio
Proof. Since the ratio is holomorphic in z and anti-holomorphic in ζ , it is enough to show that the ratio is constant on {(z, z) | z ∈ D}. Let us fix any z ∈ D and take any ξ ∈ D. Since D is homogeneous, there exists ϕ ∈ Hol(D) such that ϕ(z) = ξ . Then we see from (2.1) and
which completes the proof. 2
PROPOSITION 3.8. The representative domain R(D, p) is a minimal domain with a center 0.
Proof. It follows from Proposition 2.3(1) that det T R(D,p) (z, 0) ≡ 1 (z ∈ R(D, p)). Hence we know by Lemma 3.7 that K R(D,p) (z, 0) is constant for z ∈ R(D, p). This together with Proposition 3.6 tells us that R(D, p)
is a minimal domain with a center 0. 
The Cayley transform for a Siegel domain
First we recall the definition of Siegel domains. Let be an open convex cone in a finitedimensional real vector space V . We suppose that the cone is regular, that is, contains no straight line. We set W := V C , the complexification of V and denote by w → w * the conjugation of W relative to the real form V . Let U be a finite-dimensional complex vector space and Q : U × U → W a sesquilinear Hermitian mapping. We suppose that
where Cl( ) stands for the closure of . The Siegel domain D corresponding to these data is defined by
In what follows, for functions f on a complex vector space Z and z, z ∈ Z, D z f (z ) stands for the directional derivative in the direction z at z :
.
The holomorphic and anti-holomorphic derivatives are denoted by
The Cayley transform associated with the Bergman kernel
Since D is biholomorphic to a bounded domain [18] , D has the Bergman kernel 
We define a meromorphic mapping I :
which we call the pseudo-inverse mapping. For x ∈ W , we denote by
, we see that η is positive on . Hence I is defined at every x ∈ . By [3] , η is homogeneous, that is, there exists a negative integer k for which
whence it follows easily that
We fix any point E ∈ , and set e := (0, E) ∈ D. Recalling (2.3), we observe that the set
owing to (4.2). Let U † be the space of all antilinear forms on U . Noting that I(E) ∈ W * is well defined, we define a meromorphic mapping
Thanks to (4.5), C is defined on U D e . Here we make a few remarks on the case that D is homogeneous. In this case, we know by [18] that is a homogeneous convex cone, that is, the linear automorphism group G( ) of defined by 
Coincidence of the Bergman mapping and the Cayley transform
We keep to the notation in Section 4. 
This defines a positive definite Hermitian inner product, which is nothing but the Bergman metric at e. For f ∈ U † × W * , we definef ∈ U × W by
On the other hand, we take any orthonormal basis of U × W with respect to (·|·), and identify C N with U × W by means of the basis. Note that T D (e) = E N in the notation of Section 2.
We fix any point ζ ) ) by (4.2), log η is holomorphic at (z, e) ∈ + iV . By the chain rule, we observe for (u , w ) ∈ U × W that
By (4.3) and (4.9) the last term equals
Since (z, e) = w + E by (4.9), we arrive at
By (4.4), the right-hand side is rewritten as
This together with (4.6) tells us that
Under our identification C N U × W , the left-hand side equals
where we use
A symmetry characterization by the convexity of the representative domain
Let D ⊂ C N be a domain biholomorphic to a homogeneous bounded domain.
THEOREM 5.1. Fix any point p ∈ D. Then, the representative domain R(D, p) is convex if and only if D is symmetric.
The proof is as follows. The domain D is biholomorphic to a homogeneous Siegel domain D. We keep to the notation in Section 4 and suppose that D is defined by (4.1). Let C : D → U † × W * be the Cayley transform introduced by (4.6). While the parameterized Cayley transforms C s in [5] take their images in U × W , we shall see that our Cayley transform C is identical with C 2d+b in the terminology of [5] under an appropriate identification of U † × W * with U × W , which is a slightly different one from the previous section.
We know by [5, Section 4] and for g ∈ U † , we defineǧ ∈ U by (ǧ|u) 2d+b = u, g (u ∈ U).
Since log η is holomorphic on + iV , the right-hand side of (4.3) is rewritten as −D w log η(w ). Hence it follows from (4.3) and [5, (3.1) ] that I(w) = I 2d+b (w) (w ∈ + iV ).
Moreover we see easily from (5.1) and the definition of ·|· 2d+b that I(E) = E. Therefore we obtain from [5, (3.5) ] (see also the proof of [12, Proposition 3.3] 
